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Abstract

A grid independence study and numerical computations are
reported for the flow past cylinders with free hemispherical
ends. A novel modelling technique is used whereby a spectral-
element method is employed with an azimuthal Fourier expan-
sion around the symmetry axis of the cylinder. The flow direc-
tion is then normal to the axis of symmetry, rather than in the
axial direction. For benchmarking purposes, results using the
proposed grids are compared to accurate computations of the
flow past a sphere, and an accuracy of better than0.5% is ob-
tained up to a Reynolds numberRe= 300. Plots showing alter-
ations in the symmetry characteristics of the wakes are provided
for length ratios up toLR = 10.

Introduction

In this paper the suitability of a spectral-element method with
an azimuthal Fourier expansion to study the flow past a cylin-
der with hemispherical ends (hereafter referred to simply as a
“cylinder”) is considered.

The cylinder may be described by a ratio between its overall
lengthL, and its diameterd, giving the length ratio parameter
LR = L/d. Clearly then,LR = 1 describes a sphere, whereas as
LR→ ∞, the straight circular span of the cylinder becomes the
dominant geometric feature, and the flow properties should ap-
proach those of a straight circular cylinder. This paper considers
only the case where the flow is normal to the symmetry axis of
the cylinder. A Reynolds number is defined asRe= U∞d/ν,
based on the cylinder diameterd, the freestream velocityU∞
and the kinematic viscosity of the fluidν. A schematic diagram
that shows the relevant dimensions of the cylinder is provided
in figure 1.
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Figure 1: Schematic diagram showing the relevant dimensions
of a cylinder with free hemispherical ends, and the relative di-
rection of flow.

The low-Reynolds-number transitions for a sphere and a cir-
cular cylinder are somewhat different: [6] describes how the
steady separated wake behind a circular cylinder becomes un-
steady through a B́enard–von Ḱarmán instability at approxi-
matelyRe= 47based on the cylinder diameter, and [16, 17, 18]
describes the subsequent development of three-dimensional
spanwise-periodic instabilities in the wake, beginning with the
Mode A instability at approximatelyRe= 180. For a sphere,
[15, 3] provided accurate measurements of a regular transition
to a steady non-axisymmetric wake atRe≈ 212, and [2, 14]

have shown that the subsequent transition to unsteady flow oc-
curs atRe≈ 272through a continuous supercritical bifurcation.

Short cylinders with hemispherical ends have been the subject
of experimental studies in recent years [10, 7], driven largely
by an interest in the variation in the transition Reynolds num-
ber for the development of unsteady flow, the subsequent vari-
ation in Strouhal frequency of shedding, and the interaction of
wakes behind pairs of bluff bodies [9, 8]. The study of cylin-
ders with hemispherical ends is also relevant to the study of cir-
cular cylinders of low aspect ratio (length/diameter) [5, 4]. In
[10] the critical Reynolds numbers for the development of peri-
odic flow in the wake behind cylinders with free hemispherical
ends was measured for a range of cylinders0≤ LR≤ 5. They
observe that the critical Reynolds number was approximately
Rec = 270for a sphere (LR = 1), and decreased with an increase
in length ratio. AtLR = 5 a critical Reynolds numberRec ≈ 85
was measured. This value is still significantly higher than the
value for a straight circular cylinder (Re≈ 47) measured by [6],
suggesting that longer length ratios need to be considered. A
benefit of the present numerical formulation is the ease with
which larger length ratios can be modeled. The significant dif-
ference in flow properties between a cylinder withLR = 5 and
a straight circular cylinder can also be perceived from the mea-
sured Strouhal–Reynolds number profiles provided in [10, 7].
The Strouhal–Reynolds number profile for the cylinder with
LR = 5 initiates at the critical Reynolds numberRec≈ 85with a
shedding frequencySt≈ 0.095. This is approximately21%be-
low the Strouhal frequency at the critical Reynolds number for
the onset of unsteady flow (St≈ 0.12) in the wake of a straight
circular cylinder, and approximately41% below the Strouhal
frequency at the same Reynolds number.

Whereas the previous experimental studies have provided sub-
stantial data relating to the Strouhal–Reynolds number relation-
ships for cylinders with1≤ LR≤ 5, little flow visualisation has
been provided. The present numerical study will add signif-
icantly to our understanding of the structure of the flows fol-
lowing the development of unsteady and spanwise-asymmetric
flow.

Numerical Formulation

The spectral-element scheme used in this study has been suc-
cessfully applied to model the flow past axisymmetric bodies
such as a sphere [14] and rings [11, 13]. These references
should be consulted for further details of the numerical method.

The method employed here uses the same Fourier expansion of
the velocity and pressure fields about an axis of symmetry as in
the previous studies, but with the important distinction in that
the flow direction is now normal to the axis of symmetry, rather
than in the axial direction. The mesh required to adequately
resolve the wake using this method has some unavoidable in-
herent inefficiencies. The use of a Fourier expansion of the flow
field around the cylinder requires that a large number of Fourier
planes be used to resolve details in the flow across the wake.
In addition, the computational domain must extend sufficiently



far from the cylinder to minimise both transverse blockage ef-
fects, and the deterioration of the wake structure in the vicinity
of the downstream domain. Using previous numerical studies as
a guide [1, 14], a family of meshes was constructed that varied
only in terms of the addition of elements between the hemi-
spherical ends to model the cylinder span. The mesh employed
to model a cylinder withLR = 1 did not require any of these ad-
ditional elements as the straight-span section of the cylinder had
zero length. The meshes consistently employed10 elements in
the radial direction, and5 elements between the axis and the
straight span section around the cylinder ends. As an example,
a plot of the mesh employed to model a cylinder withLR = 5 is
provided in figure 2.

Figure 2: A cutaway view of the computational domain showing
the mesh employed to model the flow past a cylinder with free
hemispherical ends and a length ratioLR = 5. Sub-elements are
shown, and the domain extends30d from the cylinder.

A grid independence study was performed atRe= 300using the
LR = 1 mesh to allow comparison with previous sphere studies.
Meshes withP = 64 and128Fourier planes were tested, to de-
termine the number of planes required to resolve the wake, and
the number of nodes per element was varied fromN2 = 25 to
144. The graph in figure 3 shows the convergence characteris-
tics with increasing number of mesh nodes (N2P) for the simu-
lations with64 and128planes. Notice that with64 planes, the
pressure and viscous components of the drag coefficient seem
to converge to within a few percent of the accurate sphere com-
putations (repeated from an earlier study [13]) indicated by the
dotted lines, but the Strouhal frequency is7% higher. This dis-
crepancy indicates that64 planes is insufficient to resolve the
wake. Notice that with128planes, each of the parameters con-
verges to within0.5% of the accurate numerical values. Based
on these findings, the meshes employed for this study each em-
ployedP = 128planes, andN2 = 121nodes per element.

To improve the stability of the time-integration of the compu-
tations, a filter was applied to the azimuthal Fourier modes to
reduce the number of modes in the vicinity of the axis of sym-
metry (r → 0). This treatment reduces the limiting effect of the
Courant condition on the time-step∆t.

Sphere Wake Comparison

A visual comparison of the wakes behind a sphere atRe= 300
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Figure 3: Convergence with increasing nodes per element (N2)
of a cylinder withLR = 1 (a sphere) atRe= 300. Meshes with
P = 64 and128planes (open and filled symbols, respectively)
are investigated, and the parametersCDp (¤), CDν (4) andSt
(©) are monitored. The dotted lines show the corresponding
parameter values from previous accurate studies of a sphere.
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Figure 4: Isosurface plots showing the vortical structures in the
wake behind a sphere. In (a), the wake is computed using the
present crossflow grids, and in (b), a traditional axial-flow grid
is used. The wake in each case is viewed from above and the
side, and flow is from left to right.

computed using the present crossflow mesh and previous axial-
flow meshes is provided in figure 4. Notice that although the
flow quantities have converged to a high degree of accuracy us-
ing the crossflow method, an appreciable loss of fine detail in
the wake has occurred. Despite this, the convergence of the
flow quantities in the previous section suggests that meaningful
quantitative predictions of the flow regimes up toRe≈ 300can
be made.

To confirm that the accuracy predicted atRe= 300 extends to
lower Reynolds numbers, components of the mean drag were
computed. These values are compared to the accurate results
from [11, 12] in figure 5.
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Figure 5: A comparison between the drag coefficient for a
sphere using the present numerical technique (symbols), and
from the accurate numerical computations of the flow by [11,
12] (lines). The mean pressure, viscous and total drag are shown
by ¤,4 and©, respectively.

Cylinder with Hemispherical Ends at Re = 300

One of the primary goals of the present study is to determine
how the hairpin shedding observed in the flow past a sphere
relates to the Ḱarmán vortex street behind a straight circular
cylinder. The unsteady wakes behind cylinders withLR = 1,
2, 3, 4 and 5 were computed atRe= 300. The variation in
the pressure and viscous forces acting on the cylinders were
monitored in three dimensions.

Chief among the interesting observations that have been made
to date is the link between the frequency of the hairpin shed-
ding from a sphere, and a spanwise oscillation computed in
the flow past cylinders. The frequency of this oscillation de-
creases with an increase inLR, as depicted in figure 6. The near-
periodic oscillations became weaker in magnitude as the length
ratio increased, and were replaced by a chaotic force response
at LR = 5. The decrease in the amplitude of the low-frequency
oscillation in the spanwise direction contrasted a measured in-
crease in the force response in the transverse direction normal
to the plane of the wake. This fluctuation is thought to be con-
sistent with the Ḱarmán shedding process.

Included in figure 7 are isosurface plots showing the wakes be-
hind cylinders with length ratios up toLR = 10. The cylinders
with length ratios in the range0≤ LR ≤ 5 were computed at
Re= 300, while the cylinder withLR = 10 was computed at
Re= 100. It can be seen that at smaller length ratios the wakes
are not symmetrical about the cylinder mid-span. This asym-
metry is associated with the Strouhal frequency of the spanwise
component of force acting on the cylinder shown in figure 6.
The development of a symmetry about the mid-span occurs be-
tweenLR = 5 and10. This observed symmetry development
with increasing length ratio is concurrent with the correspond-
ing decrease in the strength of the spanwise force component.

Coinciding with the development of spanwise symmetry is the
development of Ḱarmán-like shedding in the vicinity of the
cylinder mid-span, and within approximately1d to 3d down-
stream. Evidence of this is shown by solid vertical bands in the
isosurface plots, and can be seen in figure 7(d–f), although it is
more pronounced at the larger length ratios shown in figure 7(e,
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Figure 6: Strouhal frequency of the periodic oscillation in the
spanwise body force atRe= 300. Variation with length ratio.

f).

It is interesting to observe that even with a length ratioLR =
10, the influence of the free hemispherical ends on the two-
dimensional vortex street is significant. Downstream of the
cylinder (to between4d and5d downstream), evidence of an
approximately parallel vortex street can be observed. Further
downstream, the rollers in the wake are deformed by the three-
dimensional effects induced by the flow around the free hemi-
spherical ends, and a symmetrical three-dimensional wake re-
places the quasi-two-dimensional wake in the vicinity of the
mid-span.

Conclusions

A novel implementation of a spectral-element method has been
employed to model the flow past a cylinder with hemispher-
ical ends. Computations of the flow past a sphere using the
current crossflow implementation were compared with previ-
ous accurate numerical computations that used the more tra-
ditional axial-flow method. For comparison, isosurface plots,
Strouhal frequencies and drag coefficients were monitored, and
errors were within0.5%throughout the Reynolds number range
Re. 300. A limited number of computations of cylinders with
length ratios in the range1≤ LR≤ 5 provide tantalising hints
to the diverse flow regimes to be found.
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