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Summary
Traditionally, the Boussinesq approximation is adopted for numerical simulation of natural convection phenomena where density variations are supposed
negligible except through the gravity term of the momentum equation. In this
study, a recently developed formulation based on a Boussinesq approximation
is presented in which the density variations are also considered in the advection
terms. Extending density-variations to the advection terms captures centrifugal
effects arising from both bulk enclosure rotation and within individual vortices,
and thus more accurate results are expected. In this respect, the results of the
proposed formulation are compared against the conventional Boussinesq simulations and weakly compressible approximation in the concentric horizontal
annulus cavity. A new relation is established which maps the magnitude of the
non-Boussinesq parameter of incompressible flow to the corresponding relative
temperature difference of a compressible flow simulation which is in agreement
with the maximum allowed Gay-Lussac number to avoid unphysical density
values. For comparison purposes, variations of different thermo-fluid parameters including average and local Nusselt number, entropy generation, and skin
friction up to Ra = 105 are computed. Results obtained under the proposed
approximation agree with the classical Boussinesq approximation up to Ra = 103
for large non-Boussinesq parameter corresponding to the large relative temperature difference, but at Ra = 105 , computed thermo-fluid parameters via the two
approaches are not identical which justifies the inclusion of large Gay-Lussac
number for convection dominated regime in natural convection problems.
KEYWORDS
annulus cavity, Boussinesq approximation, control volume finite-element method, Gay-Lussac,
non-Boussinesq approximation, weakly compressible

1

I N T RO DU CT ION

Numerical simulation of natural convection phenomena, due to their many scientific and technical applications such
as solar collectors, foundry devices, geophysical and astrophysical processes, and so on,1-5 has attracted attention of
researchers over several decades. Predicting the exact behavior of such systems when natural convection is the dominant
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heat transfer mechanism is of paramount importance. Typically, the Boussinesq approximation (ie, ignoring density variations except in the gravity term of the momentum equation6 ) is adopted for numerical simulation of natural convection
problems. In this approach, a linear state equation is typically adopted to relate density and temperature variations via a
volumetric thermal expansion coefficient.
The horizontal annulus cavity is a widely used benchmark problem in numerical heat transfer research. At low
Rayleigh (Ra) numbers, diffusion is the dominant mechanism, but at higher Rayleigh numbers convection ultimately
dominates the heat transfer, resulting in thin boundary layers. One of the initial works in this area was performed by
Thomas and Davis,7 while Kuhen and Goldstein8 studied natural convection in an annulus cavity by means of both experimental and numerical simulations. Sheremet and Pop9,10 studied this problem in the context of porous media and nanofluids. The problem has been solved by a variety of numerical methods, including finite difference,8 finite volume,11,12 control
volume finite-element,13,14 lattice Boltzmann,15 and finite-element based approaches such as local Petrov-Galerkin,16,17
Galerkin radial-basis-function,18 differential quadrature method,19 strongly implicit procedure,20 and so on. Studies have
shown the flow to be steady state up to at least Ra = 10512-16 across Prandtl numbers spanning air and water.
In all of the aforementioned works, the Boussinesq approximation along with a linear relation between density and
temperature variations has been adopted. This is based on the assumption that the density variations are small, confining
their effect to the buoyancy term. This allows the flow field to be treated as incompressible. Note that in different situations, where the density variations under the influence of the temperature non-uniformities are significant, the classical
Boussinesq approximation may produce inaccurate results. Available remedies to overcome this issue in the literature
may be divided into two major categories. The first remedy is compressible solution of the governing equations. This
approach was used by Vierendeels et al21 and Becker and Braack22 for numerical simulation of the natural convection
problem at low Mach number. The second remedy is dealing with the incompressible Navier-Stokes equations accompanying with some modifications to achieve more accurate results. One approach in this category is to include the linear
state relation between density and temperature to terms beyond only the gravity term, which results in the emergence of
the Gay-Lussac number (Ga = 𝛽Δ𝜃) in the governing equations. This parameter describes the level of density variations
caused by the temperature field. It can be shown that the Boussinesq approximation is retrieved as the Gay-Lussac number
goes to zero.23 For this approach, the difference between the Boussinesq approximation and considering the Gay-Lussac
number for the Rayleigh number regime that leads to a steady state solution of the problem, was studied by Szewc et al23
for a rectangular cavity filled with air. They reported a 4% discrepancy of the average Nusselt number between the two
approaches. Lopez et al24 described an alternative approach, for the treatment of rapidly rotating flows, whereby buoyancy
effects were extended to the centrifugal part of the advection term to capture centrifugal effects in those flows.
In the context of experimental studies, some works have considered non-Boussinesq effects. These studies often
emphasize the properties of the working fluid (often a liquid), and especially its viscosity that is sensitive to temperature
variations. The Boussinesq approximation is developed based on small density variations assumption which implies a
small temperature difference. For liquid working fluid cases, having large temperature differences between hot and cold
surfaces and its effect on the viscosity along with applying the Boussinesq approximation for non-gaseous mixtures may
result in inaccurate results. For instance, Valori et al25 used water and methanol as their working fluid beyond the validity
of the Boussinesq approximation in a cubical Rayleigh-Bénard convection cell. They found that the non-Boussinesq effect
manifests itself as an increase of time-averaged horizontal velocity component close to the bottom wall of the cell and as
a global top-bottom asymmetry of the velocity field. In another study, Manga and Weerante26 used corn syrup as working fluid in their experimental set-up at high Prandtl and Rayleigh numbers (103 ≤ Pr ≤ 106 , 104 ≤ Ra ≤ 108 ). Corn syrup
exhibits a strict viscosity dependence on temperature. They found that at their largest Rayleigh number, Ra = 108 , the
Nusselt number (Nu) was lower than expected, based on an extrapolation of the Nu- Ra relationship determined at lower
Rayleigh numbers. A similar experimental study was also performed by Zhang et al27 in which glycerol was used as working fluid in a square cubic cell at higher Rayleigh numbers (106 ≤ Ra ≤ 109 ) and lower Prandtl numbers (102 ≤ Pr ≤ 103 ).
They presented a simplified 2-D model for the mean centre temperature based on an equation for the thermal boundary
layer and compared that with the experimental results.
The idea of applying variable properties as a separate class of non-Boussinesq approximation is continued in numerical simulations as well. For example, Zhang and Cao28 investigated the non-Boussinesq effects of natural convection
in a horizontal annulus with aspect ratio of 2.0 over 104 ≤ Ra ≤ 106 . They reported discrepancies among obtained solutions via different approaches of variable property-based lattice Boltzmann flux solver method as an influence of the
non-Boussinesq effect that is induced by partial or total variations in fluid properties on the flow instability behaviors and
heat transfer characteristics.
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In the present study, the work of Lopez et al24 informs the presentation of a new form of the governing equations based
on the idea of considering density variations through both the advection term (capturing centrifugal effects) as well as the
gravitational term in the momentum equations for natural convection problems. This formulation is implemented into a
control volume finite-element method solver and results are investigated for local and average Nusselt number, entropy
generation and skin friction in a horizontal concentric annulus cavity up to Ra = 105 . The rest of the article is organized
as follows: Section 2 presents the aforementioned formulation, Section 3 introduces the geometry of the problem and
details numerical treatment including accuracy and mesh dependency. In Section 4, the mismatch between Boussinesq
and non-Boussinesq approximations is scrutinized, and conclusions are drawn in Section 5.

2

GOVERNING EQ UATIONS A ND PA RAMETERS

Under the classical Boussinesq approximation for buoyancy, density differences are neglected except with respect to the
gravity term, but as mentioned before, one approach to extend beyond the Boussinesq approximation is elaborated in
Lopez et al,24 in which the density variations are considered through the advection terms as well as the buoyancy term. In
Lopez et al,24 the density 𝜌 = 𝜌0 + 𝜌′ comprises a constant (𝜌0 ) and a perturbation part (𝜌′ ) that captures the temperature
dependences, density variations due to fluid density stratification or density variations in a binary fluid with miscible
species of different densities, and so on. This extension produces the modified governing momentum equation in the
inertial frame for a Newtonian fluid,
𝜌0 (𝜕t + u ⋅ ∇)u = −∇p∗ + 𝜇∇2 u + 𝜌f − 𝜌′ ∇𝜙 − 𝜌′ (u ⋅ ∇)u.

(1)

Here a modified pressure is introduced as p* = p + 𝜌0 𝜙, where 𝜙 is the gravitational potential whose gradient opposes
the gravitational acceleration vector, that is, . ∇𝜙 = − geg , where eg is the unit vector in the direction of gravity. In addition, the term 𝜌f in Equation (1) accounts for additional body forces that may act on the fluid, but this is taken as zero
throughout this study. Here buoyancy effects are also considered with respect to the advection term, but a unified density
is used to derive the governing equations under the proposed approximation. Starting with the steady-state incompressible
momentum equation in vector form,
𝜌(u ⋅ ∇)u = −∇p + 𝜇∇2 u + 𝜌geg ,

(2)

and dividing Equation (2) by the reference density, 𝜌0 , yields
𝜌
𝜌
1
(u ⋅ ∇)u = − ∇p + 𝜈∇2 u + g eg .
𝜌0
𝜌0
𝜌0

(3)

Following the Boussinesq approach, only the first term of the density state relation is taken into account. Substituting
the density state relation 𝜌/𝜌0 = 1 − 𝛽𝜃 and the modified pressure into (3) yields
(u ⋅ ∇)u = −

1
∇p∗ + 𝜈∇2 u − 𝛽𝜃geg + 𝛽𝜃(u ⋅ ∇)u.
𝜌0

(4)

Using dimensionless quantities
X=

p∗ L2
y
T − T0
𝜃
x
uL
,Θ =
,
,Y = ,U =
,P =
=
2
L
L
𝛼
Δ𝜃
Th − Tc
𝜌𝛼

(5)

one can derive the dimensionless form of the momentum equation for natural convection problems,
(U ⋅ ∇)U = −∇P + Pr∇2 U − RaPrΘeg + GaΘ(U ⋅ ∇)U.

(6)

Equation (6) introduces the Prandtl number Pr = 𝜈/𝛼 characterising the ratio of the molecular to thermal dissipation,
and the Rayleigh number Ra = g𝛽Δ𝜃Lref 3 /𝜈𝛼 characterising the ratio of buoyancy to viscous and thermal dissipation.
It also reveals the Gay-Lussac number (Ga = 𝛽Δ𝜃) in the last term on the right-hand side. We restrict ourselves to
modest values of Ga to avoid unphysical (negative) density under the linear density-temperature state relation. The linear
density-temperature state relation in terms of dimensionless temperature and Gay-Lussac number is expressed as
𝜌
= 1 − 𝛽𝜃 = 1 − 𝛽Δ𝜃Θ = 1 − GaΘ.
𝜌0

(7)
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Regarding the highest dimensionless temperature in the physical domain (Θh = 0.5), the constraint Ga < 2, guaranties
a physical value for density. Introduction of a Froude number characterising the ratio of inertia to gravity,
Fr =

2
Uref

gL

=

(𝛼∕L)2
𝛼2
= 3,
gL
gL

permits the Gay—Lussac parameter to be expressed as Ga = 𝛽Δ𝜃 = FrRaPr, and thus
Ga
Fr =
,
RaPr

(8)

which has a maximum value of
Frmax =

2
RaPr

(9)

at each given Rayleigh and Prandtl number. Using Equation (8), Equation (6) becomes
(U ⋅ ∇)U = −∇P + Pr∇2 U − RaPrΘ( eg − Fr(U ⋅ ∇)U).

(10)

As can be seen, Equation (10) is consistent with the momentum equation under the Boussinesq approximation, except
for the additional inertial buoyancy term on the right hand side. When expressed in this form, it is apparent that the
action of this additional term is to modify the effective direction (and strength) of the gravity locally throughout the
flow which is ignored in the conventional Boussinesq approximation. Indeed, regions which are experiencing higher
spatial accelerations (described by (U ⋅ ∇)U) will experience deviations from the Boussinesq buoyancy approximation.
The strength of these deviations relative to gravity is described by Fr, with Fr → 0 (and 𝛽Δ𝜃 → 0) recovering the classical
Boussinesq approximation.
The effect of Fr on the buoyancy-driven flow is investigated in Section 4. Thus, under the proposed approximation,
the general form of the governing equations is expressed as
⎧∇ ⋅ U = 0,
⎪
2
⎨(U ⋅ ∇)U = −∇P + Pr∇ U − RaPrΘ( eg − Fr(U ⋅ ∇)U),
⎪
2
⎩(U ⋅ ∇)Θ = ∇ Θ.

(11)

In this formulation, large values of Ga are not considered, which would necessitate its inclusion in other terms;
instead it is shown that the effect on the flow is non-negligible through advection in certain situations, such as rapid
rotation.24 The present formulation generalizes the description of centrifugal effects both globally and locally, and about
any axis.
For comparison, results are compared to natural convection simulations under the weakly compressible
approximation.29 In this approach, due to the small compressibility ratio (identified by Mach number) in natural convection problems, acoustic waves of the fully compressible form of the Navier-Stokes equations are filtered. This approach
is also known as low Mach number scheme (LMS). Aside from filtering acoustic waves, the main feature of the LMS
model is splitting the total pressure into a mechanical (local) pressure that acts in the momentum equation to balance the advection with buoyancy and diffusion, and a global thermodynamic pressure that is used to update density
variations during the solution procedure. Paillere et al30 compared results of the LMS model vs fully compressible
Navier-Stokes equations for both small and large temperature differences (beyond the Boussinesq approximation) and
showed that the LMS model can simulate natural convection with high fidelity and negligible differences compared to
the hyperbolic compressible Navier-Stokes equations. The conservative form of the governing equations under the LMS
approximation are31
⎧ 𝜕𝜌∗ + ∇ ⋅ (𝜌u) = 0,
𝜕t
⎪ 𝜕(𝜌
∗ u)
= −∇p∗ + 𝜌∗ eg + ∇ ⋅ 𝝉 ∗ ,
⎪ 𝜕t∗ (+ ∇ ⋅ (𝜌∗ u ⊗ u)
)
⎨ ∗
dpth
𝜕T
2
⎪𝜌 cp 𝜕t∗ + ∇ ⋅ (uT) = 𝜅∇ T + dt
,
⎪
⎩pth = 𝜌∗ RT.
∗

(12)
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Using the non-dimensionalizations
X=

p∗ L2
pth
y
𝜌∗
Th − Tc
x
uL
T
t∗ L
R
,Y = ,U =
,P =
,
Θ
=
,
𝜀
=
,
P
=
,
t
=
,
Z
=
,
𝜌
=
th
L
L
𝛼
T0
2T0
p0
u
R0
𝜌0
𝜌𝛼 2

(13)

the dimensionless form of Equation (12) becomes32
⎧ 𝜕𝜌 + ∇ ⋅ (𝜌U) = 0,
𝜕t
⎪ 𝜕(𝜌U)
RaPr
𝜌e + Pr∇ ⋅ 𝝉,
⎪ 𝜕t + ∇ ⋅ (𝜌U ⊗ U) = −∇P(+ 2𝜀
) g
⎨ 𝜕(𝜌𝛩)
dP
𝜂−1
2
th
⎪ 𝜕t + ∇ ⋅ (𝜌U𝛩) = ∇ 𝛩 + 𝜂
dt ,
⎪
⎩Pth = Z𝜌𝛩.

(14)

In Equation (14), Pr is the Prandtl number as defined earlier, 𝜂 is the heat capacity ratio (𝜂 = cp /cv ), and Pth is the
global dimensionless thermodynamic pressure. In this study, we only present results for an ideal diatomic gas (Z = 1).
Also, 𝝉 is the stress tensor given in dimensionless form by
𝝉 = ∇U + (∇U)T − 2∕3(∇ ⋅ U)I.

(15)

In Equation (15), Stokes’ hypothesis (𝜆 = − 2/3𝜇) for bulk viscosity is used. In the compressible/weakly-compressible
approach, the Rayleigh number is expressed slightly differently compared to the incompressible flow, as
Ra = Pr

g𝜌0 2 (Th − Tc )L3
.
To 𝜇0 2

(16)

Comparing incompressible and compressible Rayleigh number definitions gives an interesting relation for Froude
number,
2𝜀 = (Th − Tc )∕To = 𝛽Δ𝜃 = RaPrFr → Fr = 2𝜀∕RaPr.
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
Compressible

(17)

Incompressible

Equation (17) is an important relation that matches the Froude number corresponding to a given relative temperature
difference at each Rayleigh and Prandtl number; it additionally demonstrates the required result for isobaric and isochoric
thermal expansion in gases, whereby 𝛼 = 1/T 0 . Regarding the maximum possible relative temperature difference value
of unity (𝜀max = 1), the maximum physical Froude number at each Rayleigh and Prandtl number is equal to 2/RaPr
(Fr max = 2/RaPr), which is consistent with Equation (9) for the maximum non-Boussinesq parameter value.

3

DESCRIPTION O F T HE PROBLEM

In this study, the proposed model natural convection problem is the concentric horizontal annulus cavity portrayed in
Figure 1. While the symmetry of the geometry naturally lends itself to the use of polar coordinates, the present formulation
is developed in a Cartesian framework to permit future generalisation to arbitrary geometries. Boundary conditions are
shown in Figure 1A. The inner and outer radii of the annulus are denoted by r i and r o , respectively, with aspect ratio fixed
at r o /r i = 2.6 consistent with published benchmark studies.8,14,16-19 The region between the two cylinders is filled with air
having Pr = 0.71. The inner and outer cylinders are kept at constant temperatures T h and T c , respectively, with T h > T c .
The reference length, Lref = r o − r i , is equal to the radial gap between the two cylinders. Simulations are carried out for
Rayleigh numbers ranging from 101 to 105 , within the steady-state regime for this system.10-14
Once the values of the thermo-fluid parameters in the physical domain are obtained, the Nusselt number, entropy
generation, and friction coefficient are determined. The local and average Nusselt numbers along the walls of the annulus
cavity are obtained from
Nuloc = −𝜕𝛩∕𝜕̃r ||wall

(18)
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F I G U R E 1 The concentric
annulus of two circular cylinders. A,
Schematic view and boundary
conditions; B, A coarse
computational grid having 40 × 40
computational nodes is shown for
illustration purposes [Colour figure
can be viewed at
wileyonlinelibrary.com]

and
2𝜋r

Nuave

2𝜋r

i
⎡ o
⎤
1
⎢
=
Nuloc,o ds + Nuloc,i ds⎥ .
∫
⎥
2𝜋(ri + ro ) ⎢ ∫
⎣ 0
⎦
0

(19)

The skin friction along the cylinder surfaces is related to the fluid flow via the gradient of the velocity components
normal to the surface. In this study, the friction coefficient along the surface based on the dimensionless velocity is defined
as
cf = −

𝜕U |
𝜏w
= −2Pr 𝛿 || .
2
𝜕n |wall
1∕2𝜌(𝛼∕L)

(20)

In Equation (18), n is the unit normal vector to the surface. Since the governing equations are solved in a Cartesian
coordinate system, the above fundamental definition is implemented through the 2D shear stress tensor as

cf = −2Pr

[
𝜏xx

𝜏xy

𝜏yx

𝜏yy

][ ]
nx
ny

[
= −2Pr

2𝜕U∕𝜕X

𝜕U∕𝜕Y + 𝜕V∕𝜕X

𝜕U∕𝜕Y + 𝜕V∕𝜕X

2𝜕V∕𝜕Y

][ ]
nx
ny

,

(21)

where nx and ny are the horizontal and vertical components of the wall-normal vector, respectively. In this state, the
friction coefficient magnitude is calculated as
cf =

√
(cf x )2 + (cf y )2

(22)

where
cf x = −2Pr[(2𝜕U∕𝜕X)nx + (𝜕U∕𝜕Y + 𝜕V∕𝜕X)ny ],

(23)

cf y = −2Pr[(𝜕U∕𝜕Y + 𝜕V∕𝜕X)nx + (2𝜕V∕𝜕Y )ny ].

(24)

The dimensionless local entropy generation due to heat transfer (S𝜃 ) and fluid friction (S𝜓 ) are calculated as
[(

)
(
)]
𝜕𝛩 2
𝜕𝛩 2
SΘ =
+
,
𝜕X
𝜕Y
}
[ {(
(
)
( )2
)]
𝜕U 𝜕V 2
𝜕U 2
𝜕V
+
,
S𝜓 = 𝜒 2
+
+
𝜕X
𝜕Y
𝜕Y
𝜕X

(25)
(26)
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Comparison of profiles at Ra = 5 × 104 and
Pr = 0.706 using the present scheme (lines) and Kuhen and
Goldstein8 (symbols) at shown angles [Colour figure can be viewed at
wileyonlinelibrary.com]

FIGURE 2

where in Equation (24), 𝜒 is the irreversibility distribution ratio related to the fluid friction irreversibility
defined as
𝜒=

𝜇T0 ( 𝛼 )2
.
k LΔ𝜃

(27)

The irreversibility distribution ratio assumed to be fixed and equal to 10−4 in this study. A similar value for 𝜒 was
considered in References 33, 34. The total entropy generation due to heat transfer and fluid friction can be calculated by
the summation of the local entropy generation over the physical domain via
SΘ dv

(28)

S𝜓 dv.

(29)

SΘ,tot =

∫V

S𝜓,tot =

∫V

and

The relative dominance of entropy generation due to heat transfer and fluid friction is characterized by the average
Bejan number (Beave ), a dimensionless parameter defined as35-37
Beave =

SΘ,tot
.
SΘ,tot + S𝜓,tot

(30)

Values of Beave > 0.5 imply the dominance of the heat transfer irreversibility and Beave < 0.5 implies dominance of fluid
friction irreversibility.
For the numerical solution of the governing equations, a control volume finite-element method (CVFEM) is used that
implements the method of proper closure equation (MPCE)38 and co-located variables. The problem is two-dimensional
and steady. The advection terms are approximated by a second-order upwind scheme and the diffusion terms are discretized using a second order central differentiation scheme. Convergence criteria is considered as the maximum variation
of the velocity and temperature fields over all nodes during two successive iterations less than 10−7 . Accurate performance
of the developed solver has already been validated in References 39-46, but here it is evaluated by comparing the radial
temperature profiles at three different angles including 𝛿 = 0o , 90o , and 180◦ vs dimensionless radius (̃r = r − ri ∕ro − ri )
at Ra = 5 × 104 for air with Pr = 0.706. Computed profiles are plotted in Figure 2 and are compared with the results of
Kuhen and Goldstein.8 A close agreement is observed.
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Ra = 103

Reference

keq,i (Error)

keq,o (Error)

Kuhen and Goldstein8

1.081 (1.08%)

1.084 (1.08%)

Ashrafizadeh and Nikfar14

1.082 (0.99%)

1.082 (1.26%)

Najafi and Enjilela16

1.083 (0.89%)

1.093 (0.26%)

Wu et al17

1.076 (1.54%)

1.087 (0.80%)

1.080 (1.17%)

1.079 (1.53%)

1.082 (0.99%)

1.082 (1.26%)

1.092

1.095

2.010 (0.65%)

2.005 (0.55%)

1.979 (0.89%)

1.980 (1.79%)

2.022 (1.25%)

2.090 (3.66%)

1.998 (0.05%)

2.084 (3.36%)

1.967 (1.49%)

1.953 (3.13%)

1.979 (0.89%)

1.979 (1.84%)

1.996

2.016

3.024 (0.90%)

2.973 (2.06%)

2.958 (1.29%)

2.960 (2.48%)

2.932 (2.16%)

2.992 (1.43%)

2.946 (1.69%)

2.866 (5.58%)

2.958 (1.29%)

2.958 (2.55%)

2.99

3.03

3.308 (2.10%)

3.226 (1.69%)

3.193 (1.44%)

3.196 (2.60%)

3.208 (0.97%)

3.102 (5.47%)

3.182 (1.78%)

3.070 (6.44%)

3.23

3.28

3.462 (1.59%)

3.464 (1.47%)

3.497 (0.59%)

3.419 (2.75%)

3.518

3.516

Ho-Minh et

al18

Shu19
Present Study
Ra =

8

104

Kuhen and Goldstein

Ashrafizadeh and Nikfar

14

16

Najafi and Enjilela
Wu et

al17

Ho-Minh et

al18

Shu19
Present Study
4

Ra = 5 × 10

8

Kuhen and Goldstein

Ashrafizadeh and Nikfar

14

16

Najafi and Enjilela
Ho-Minh et

al18

Shu19
Present Study
4

Ra = 7 × 10

8

Kuhen and Goldstein

Ashrafizadeh and Nikfar

14

16

Najafi and Enjilela
18

Ho-Minh et al

Present Study
5

Ra = 10

Ashrafizadeh and
Najafi and

Nikfar14

Enjilela16

Present Study

T A B L E 1 Comparison of the calculated average
equivalent heat conductivities along the inner and
outer cylinders to the available data

Accuracy of the solver is also evaluated by computing the equivalent inner cylinder conductivity, keq,i , and the average
equivalent outer cylinder conductivity, keq,o , which are defined for the annulus cavity problem as
2𝜋
ln(η)
𝜕T ||
d𝛿,
2𝜋(𝜂 − 1) ∫0
𝜕r ||r=ri
2𝜋
𝜂 ln(η)
𝜕T ||
=−
d𝛿.
2𝜋(𝜂 − 1) ∫0
𝜕r ||r=ro

keq,i = −

(31)

keq,o

(32)

Results of computed keq,i and keq,o are compared in Table 1 with data reported in References 8, 14, 16-19 at five different
Rayleigh numbers. Calculated error percentages shows a pleasing agreement between the computational results and the
available data.
A mesh dependency test was conducted, and it was found that a 181 × 181 computational grid achieves convergence
of numerical computations to six significant figures for average Nusselt number. The mesh sensitivity analysis vs mesh
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No. radial nodes × No. axial nodes

keq,i

keq,o

91 × 91

3.489367

3.509973

121 × 91

3.509823

3.510798

151 × 121

3.517114

3.512402

181 × 151

3.518266

3.514339

181 × 181

3.518479

3.516452

361 × 361

3.518479

3.516452

refinement is presented in terms of inner and outer cylinder equivalent conductivities in Table 2. For illustration purposes,
a lower-resolution mesh is shown in Figure 1B.

4

R E S U LTS AN D D ISCU SSION

In this section, the results obtained using each of the classic Boussinesq approximation, proposed approximation and
weakly compressible approach are presented. Throughout this study, Fr is altered between a small relative temperature
difference representative of the Boussinesq case (𝜀B = 0.01) and a large relative temperature difference beyond the validity
of the Boussinesq approximation (𝜀nB = 0.2). Both are computed by Equation (17) at a given Rayleigh and Prandtl number, that is, 2𝜀B /RaPr ≤ Fr ≤ 2𝜀nB /RaPr, yielding a range 0.02/RaPr ≤ Fr ≤ 0.4/RaPr for Froude number. In all simulations
reported in this article, the flows were consistently found to be symmetrical about the vertical centreline of the annulus.
Also, for the investigated range of the Froude number and Rayleigh number (10 ≤ Ra ≤ 105 ), it is supposed that the flow
field is 2D and stable. It is presently unknown when and how these flows bifurcate from the steady 2D solution branch.
It would be interesting for future studies to elucidate the stability of this system.
To appreciate the role of the added term RaPrΘ( Fr(U ⋅ ∇)U) in the momentum equation, simulations are conducted
at Ra = 105 under the three models with 𝜀 = 0.2, with resulting thermo-flow fields shown in Figure 3. This corresponds to a
Gay-Lussac parameter value of Ga = 𝛽Δ𝜃 = RaPrFr = 0.4. The flow field corresponding to the proposed model can be seen
to be slightly different at this 𝜀 from the Boussinesq solution in the upper half of the enclosure where natural convection is
stronger. In the solution corresponding to the proposed model, the location of the maximum stream function has shifted
slightly transversely away from the vertical centre-line. Comparing the stream-function fields in Figure 3A,B,D under
the three approaches, the proposed method more closely resembles the weakly compressible result than the Boussinesq
solution does. In addition, this similarity bears out in the temperature fields, particularly near the upper part of the inner
cylinder, where the proposed method and weakly compressible approach exhibit a wider plume rising from the top of the
inner cylinder.
Further insights into the action of the non-Boussinesq buoyancy effects may be gleaned by considering the acceleration
field generated by the extra term in the momentum equation (ie, the right-most term in Equation (10). The magnitude
of the non-Boussinesq acceleration field generated from the Boussinesq flow field (ie, |Θ((U ⋅ ∇)U)|) from Figure 3A is
shown in Figure 3D. It shows that the non-Boussinesq accelerations are strongest at the base of the plume rising from
the top of the inner cylinder, with weaker effects extending around the surface of the inner cylinder, within the plume
approximately half-way between inner and outer cylinders, and near to the outer cylinder across the lower half of the
domain. The magnitude of the field is close to zero in the lower regions of the cavity, which correspond to the regions of
greatest similarity between the Boussinesq and non-Boussinesq cases compared in Figure 3A,B.
Finally, to understand the directionality of the action of the non-Boussinesq effect, “streamlines” (strictly, lines everywhere tangent to the acceleration vector field) of the non-Boussinesq acceleration field are plotted in Figure 3A. Notable
features in this plot in the context of the distortion of the non-Boussinesq solution from its Boussinesq counterpart
include the following: with the exception of the vertical centreline, the tangent lines near the inner cylinder point inward
toward its surface, explaining the thinner thermal boundary layer in the non-Boussinesq case (Figure 3B); tangent lines
exhibit a strong horizontal extension field approximately one-third of the distance from the top of the inner cylinder to
the outer cylinder along the centreline, explaining the wider thermal plume seen in the non-Boussinesq case; above this
location either side of the centreline the tangent lines point uniformly down and outward, explaining the greater spread
of hotter fluid expelled by the plume near the top of the cavity in the non-Boussinesq case; tangent lines converge to a
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Results computed for Pr = 0.71, Ra = 105 , and 𝜀 = 0.2, A, under the Boussinesq approximation; B, the proposed
approximation with Fr = 0.4/RaPr, C, weakly compressible approach. Contours depict stream function (left half) and temperature (right
half), and “+” identifies the point of maximum stream function. D, Magnitude of the acceleration vector field of the non-Boussinesq
acceleration term, where light to dark shading denotes small to large magnitudes. E, “Streamlines” (lines everywhere tangent to the vector
field) of the non-Boussinesq acceleration term [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 3

sink at (X, Y ) ≅ (±0.53,1.05) which is near to the location that the point of maximum stream-function shifts to in the
non-Boussinesq case.

4.1

Local Nusselt number

The local Nusselt number distribution along the inner cylinder is plotted in Figure 4. It should be noted that, to compensate for the different dimensionless temperature definitions between the weakly compressible and incompressible
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Local Nusselt number distribution along the inner cylinder for Fr values as stated, at Pr = 0.71 and, A-D, Ra = 105 , E,
Ra = 10 , and F, Ra = 103 [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 4
4

approaches, compressible Nusselt numbers are multiplied by 1/2𝜀. Because of symmetry, only half of the local Nusselt
number distribution is shown (0o ≤ 𝛿 ≤ 180o ). It was found that the mismatch of local Nusselt number distribution along
both surfaces is negligible for Froude number lower than 0.1/RaPr (𝜀 = 0.05) across the investigated range of the Rayleigh
number for different approaches used in this study. Thus, for clarity, only the results of Froude number corresponding
to 𝜀 = 0.05, 0.1, 0.15, and 0.2 are shown. For the inner cylinder, the local Nusselt number decreases from 𝛿 = 0o to 180o
with a local peak at approximately 𝛿 = 50o . At Ra = 105 , there is a considerable mismatch between computed local Nusselt number between the different approaches at Froude numbers corresponding to 𝜀 = 0.15 and 0.2 compared to lower
Froude numbers throughout the range of angular positions. For these two Froude numbers, the local Nusselt number
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F I G U R E 5 Local Nusselt number distribution along the outer cylinder for Fr values as shown, at Pr = 0.71 and, A-D, Ra = 105 , E,
Ra = 104 , and, F, Ra = 103 [Colour figure can be viewed at wileyonlinelibrary.com]

distribution along the inner surface obtained with the weakly compressible approach shows a lower value compared to
the Boussinesq and new approximations. As shown, calculated local Nusselt number distribution under the Boussinesq
approximation shows less deviation from the weakly compressible approach compared to the proposed approximation.
This may be attributed to the linear density state relation, which is designed for a Boussinesq case with small Gay-Lussac
number (Ga ≤ 0.01). We notice that for 𝜀 = 0.05 both the Boussinesq and proposed approximations exhibit almost identical results to the weakly compressible approach in Figure 4D. Results from lower Rayleigh numbers, Ra = 104 and 103
(Figure 4E,F), show almost the same results for the three approaches used in this study even for large relative temperature difference applied in this study (𝜀 = 0.2), concluding that the effect of a large Gay-Lussac number is much important
in convection dominated regimes in natural convection problems.
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A plot of average Nusselt number against Rayleigh number for different 𝜀 values as shown [Colour figure can be viewed at
wileyonlinelibrary.com]

FIGURE 6

Distribution of the local Nusselt number along the outer cylinder is shown in Figure 5. For the outer cylinder, the
local Nusselt number increases from 𝛿 = 0o to 𝛿 = 180o . Along this surface, distribution of the local Nusselt number for
different 𝜀 are almost identical at Ra = 105 (Figure 5A-D). Regarding stronger natural convection along the inner hot wall
where the plume forms, this negligible difference between different approaches may be attributed to the weaker natural
convection effect along the outer cold cylinder. Decreasing by one order to Ra = 104 (Figure 5E), a deviation between
weakly compressible and Boussinesq type approximations is formed that is annihilated by decreasing one extra order to
Ra = 103 (Figure 5F). Results over Fr ≤ 0.1/RaPr (non-Boussinesq approximation) and Fr = 0 (Boussinesq approximation)
yield almost the same results to the weakly compressible approach in the range of investigated Rayleigh numbers. Hence
the results from small relative temperature differences are not presented here.

4.2

Average Nusselt number

The variation in the average Nusselt number with Rayleigh number (10 ≤ Ra ≤ 105 ) for relative temperature differences
𝜀 = 0.2 and 0.1 (Fr = 0.4/RaPr and Fr = 0.2/RaPr, respectively) is plotted in Figure 6. In order to evaluate Equation (19),
Simpson’s 1/3rd rule of integration is used. As predicted, the average Nusselt number is increased by increasing the
Rayleigh number. Across the computed range of Rayleigh number, obtained results for Fr ≤ 0.2/RaPr (𝜀 = 0.1) are giving
similar results with a negligible difference between different approaches, which is why average Nusselt number results
for 𝜀 < 0.1 are not presented here. Figure 6 indicates that by increasing the Rayleigh number, the Boussinesq and proposed
approximations start to deviate from the weekly compressible approach at around Ra = 104 , where the heat transfer
mechanism becomes convection dominated. Also, the difference between Boussinesq and proposed approximation across
the investigated range of Rayleigh number is negligible at least up to 𝜀 = 0.2. Both approximations show deviation from
the weakly compressible approach in the convection dominated regime. Comparison of the average Nusselt number at
Ra = 105 for 𝜀 = 0.2 reveals a respective 3.25% and 2.89% mismatch between proposed and Boussinesq approximations
compared to the weakly compressible approach. The slight deviation of obtained results via proposed approximation from
weakly compressible in average Nusselt number at high Rayleigh number may be attributed to the linear definition of the
density state relation, which is designed for small relative temperature difference.

4.3

Skin shear stress

The next quantity to be considered is coefficient of friction over the surface of the cylinders. Results are shown for
103 ≤ Ra ≤ 105 and 0.05 ≤ 𝜀 ≤ 0.2 in Figures 7 and 8 for the inner and outer cylinders, respectively. Since for 𝜀 ≤ 0.05 results
of different approaches are hardly distinguishable, they are not presented here. For Ra ≤ 103 where the heat transfer
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Skin friction coefficient distribution along the inner cylinder at stated Fr values and Rayleigh numbers, A-D, Ra = 105 , E,
and, F, Ra = 103 [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 7
Ra =

104 ,

is conduction dominated, results of the different approaches are almost identical even for large relative temperature
differences. At Ra ≥ 104 , results of the Boussinesq and proposed approximation are not in agreement with the weakly
compressible approach having 𝜀 ≥ 0.05. A comparison of the coefficient of friction along the inner cylinder (Figure 7)
reveals that the proposed approximation is giving slightly closer results to the weakly compressible approach compared
to the Boussinesq approximation within the convection dominated regime (Figure 7A-D). Better performance of the proposed approximation in approximating flow field gradients becomes more evident for conduction dominated regime and
large relative temperature difference (Figure 7E,F). Along the outer cylinder (Figure 8) aside from around 𝛿 ≅ 10o for convection dominated regime (Figure 8A-D), the proposed approximation is superior to the Boussinesq approximation in
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FIGURE 8

Skin friction
coefficient distribution along the
inner cylinder at stated Fr values
and Rayleigh numbers, A-D,
Ra = 105 , E, Ra = 104 , and, F,
Ra = 103 [Colour figure can be
viewed at wileyonlinelibrary.com]

estimating the flow field gradients. As with the inner cylinder, this is more clear as the convection effects diminish toward
a conduction dominated regime especially at large 𝜀 values (Figure 7E,F). Flow-wise, better performance of the proposed
approximation may be attributed to the extension of density variation to advection over the Boussinesq approximation.

4.4

Entropy generation analysis

The dependence of the average Bejan number on the Rayleigh number will now be investigated over 10 ≤ Ra ≤ 105 for
𝜀 = 0.1 and 0.2. As shown in Figure 9, by increasing the Rayleigh number, the average Bejan number is decreased. This
is because by increasing the Rayleigh number, thermal convection increasingly becomes the dominant mechanism driving the flow, in turn producing thinner plum and thermal boundary layer structures, which in turn are subjected to
irreversible heat transport via conduction along the steep thermal gradients. This is illustrated in the thermal fields in
Figure 3. Notice the thinner thermal boundary layer on the inner cylinder and the stronger plume at 𝜀 = 0.05 vs 𝜀 = 0.2,
which reflects the higher average Nusselt number (Figure 6) and lower Bejan number (Figure 9) seen at Ra = 105 . Note
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F I G U R E 9 A plot of average Bejan number against Rayleigh number for two 𝜀 values as shown [Colour figure can be viewed at
wileyonlinelibrary.com]

F I G U R E 10 A plot of total entropy generation due to, A,C, heat transfer:SΘ, tot , B,D, fluid friction: S𝜓, tot for two 𝜀 values as shown
[Colour figure can be viewed at wileyonlinelibrary.com]
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that, for Ra > 104 , the average Bejan number is smaller than 0.5, which means that most of the irreversibility is due to
convection heat transfer. For Ra < 104 , where conduction is still the dominant mechanism, the average Bejan number has
a value larger than 0.5, indicating that the majority of generated irreversibility is due to fluid friction.
Similar to the average Nusselt number, both the Boussinesq and proposed approximations show similar results up to
𝜀 = 0.2 with a negligible difference of order 10−3 . A noticeable mismatch between the Boussinesq type approaches and the
weakly compressible approach is observed at Ra = 105 . Obtained results demonstrate that the Boussinesq type approximations exhibit 6.47% and 14.93% higher values for 𝜀 = 0.1 and 0.2, respectively. This means that the non-Boussinesq
effects have created a tendency for the flow to bias slightly toward fluid friction irreversibility rather than heat transfer
irreversibility.
The rate of total entropy generation due to heat transfer (SΘ, tot ) and fluid friction (S𝜓, tot ) is also investigated separately
over 10 ≤ Ra ≤ 105 for 𝜀 = 0.1 and 0.2 in Figure 10. Irrespective of 𝜀 value, by increasing the Ryleigh number, the magnitude
of both entropies is increased, but this is more evident for entropy generation due to fluid friction (S𝜓, tot ). As mentioned
before, by increasing Rayleigh number, convection becomes the dominant part of the heat transfer mechanism and the
share of conduction in heat transfer is decreased. This describes the continuing growth rate of entropy generation due to
fluid friction in Figure 10B,D vs slow growth rate of entropy generation due to heat transfer in Figure 10A,C. In the range
of investigated entropy generation up to 𝜀 = 0.2, the difference between Boussinesq type approximations is small, of order
10−3 . At Ra = 105 and 𝜀 = 0.2, a noticeable mismatch of 4.28% and 11.57% is observed for SΘ, tot and S𝜓, tot , respectively.

5

CO N C LUSION S

In this study, a new approximation is proposed for natural convention problems in Cartesian coordinates. In this formulation, Froude number is introduced, characterising deviation from the classic Boussinesq approximation. In addition,
a relation is established that matches the Froude number to the relative temperature difference at a given Rayleigh and
Prandtl number. The proposed formulation is applied to natural convection in a concentric horizontal annulus cavity
with aspect ratio of 2.6 (r o /r i = 2.6) and results are compared in terms of the local and average Nusselt number, average
Bejan number, and skin friction. Obtained results under the proposed approximation show a close agreement with the
results under the Boussinesq and weakly compressible approach up to 𝜀 = 0.05 for this problem but as the relative temperature difference exceeds 0.05, the results from the different approximations start to deviate from each other, especially
in the convection-dominated regime. Obtained results indicate that the proposed Boussinesq type model is superior in
its capture of momentum, but is not necessarily better than the traditional Boussinesq approximation in its description
of energy. In the context of the Gay-Lussac parameter, the present results demonstrate that the traditional Boussinesq
approximation is accurate up to at least 𝛽Δ𝜃 = RaPrFr = O(10−2 ), with deviations being significant approaching values of
order unity. It would, therefore, be expected that non-Boussinesq effects would be significant at higher Rayleigh numbers,
small-scale systems, or for fluids having large thermal expansion coefficients. For example, ammonia and R-12 refrigerant dichlorodifluoromethane have 𝛽 ≈ 2.5 × 10−3 K−1 compared to water (2.14 × 10−4 K−1 ), yielding Fr more than two
orders of magnitude greater at the same scale. Finally, the proposed formula is applied here for the laminar regime and
horizontal annulus cavity but its extension to turbulent regime and complex geometries is of interest for future studies.
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NOMENCLATURE
average Bejan number
Beave
cf
skin friction coefficient
eg
unit vector in gravity direction
Fr
Froude number
g
gravitational acceleration
Ga
Gay-Lussac number (𝛽Δ𝜃)
Lref
reference length
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Nuave
average Nusselt number
Nuloc
local Nusselt number
P
pressure
*
p
modified pressure
P
dimensionless pressure
Pth
thermodynamic pressure
Pr
Prandtl number
R
ideal gas constant
R
radius
ri
inner cylinder radius
ro
inner cylinder radius
̃r
dimensionless radius
Ra
Rayleigh number
S
entropy generation
SΘ
entropy generation due to heat transfer
entropy generation due to fluid friction
S𝜓
T
temperature
x
horizontal coordinate
X
dimensionless horizontal coordinate
y
vertical coordinate
Y
dimensionless vertical coordinate
U
velocity vector
U
dimensionless velocity vector
U𝛿
angular dimensionless velocity vector
𝛼
thermal diffusivity
𝛽
volumetric thermal expansion coefficient
𝛿
angle along the cylinders
𝜀
relative temperature difference
𝜃
physical temperature
Θ
dimensionless temperature
𝜅
thermal conductivity
𝜇
kinematic dynamic viscosity
𝜈
kinematic viscosity
𝜌
density
𝜌0
reference density
𝜏w
wall shear stress
𝜙
gravitational potential
𝜒
irreversibility distribution ratio
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average
c
cool
h
hot
loc
local
ref
reference
tot
total
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