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Abstract 

Traditionally, the Boussinesq approximation is adopted for 

numerical simulation of natural convection phenomena where 

density variations are supposed negligible except through the 

gravity term of the momentum equation. In this study, a rather 

new formulation based on a non-Boussinesq approximation is 

presented in which the density variations are also considered in 

advection terms. The results of the proposed formulation is 

compared against Boussinesq simulation in a concentric 

horizontal annulus cavity in terms of average and local Nusselt 

number up to 𝑅𝑎 = 105. Results indicate that the classic 

Boussinesq approximation works accurately up to 𝑅𝑎 = 104 

but at 𝑅𝑎 = 105 computed thermo-fluid parameters via the two 

approaches are not identical. 

Introduction  

Numerical simulation of natural convection phenomena, due to 

their many scientific and technical applications such as solar 

collectors, foundry devices, geophysical and astrophysical 

processes, etc., has attracted attention of researchers during 

recent decades. Predicting the exact behaviour of such systems 

when natural convection is the dominant heat transfer 

mechanism is of paramount importance. Typically, the 

Boussinesq approximation (i.e. ignoring density variations 

except where they are multiplied by acceleration of the gravity 

[1]) is adopted for numerical simulation of natural convection 

problems. In this approach, often a linear simplification is 

applied that relates density and temperature variations via a 

volumetric thermal expansion coefficient.  

   The horizontal annulus cavity is a widely used benchmark 

problem in numerical heat transfer research. At low Rayleigh 

numbers (Ra), diffusion is the dominant mechanism, but as 

convection dominates the heat transfer mechanism at high 

Rayleigh numbers a thin boundary layer is formed along the 

solid boundaries, which presents a great challenge for any 

numerical method. This problem is solved by different 

numerical methods [2-6]. A steady state solution up to 𝑅𝑎 =
105 is reported for this problem [3-6]. 

   In all of the aforementioned works, it is supposed that the 

density variations are small so their effect is confined to the 

buoyancy term. This allows the flow field to be treated as 

incompressible. Note that in different situations, where the 

density varies under the influence of temperature non-

uniformities are significant, the classical Boussinesq 

approximation may produce inaccurate results. In order to avoid 

applying the Boussinesq approximation in numerical 

simulation of natural convection problems there are three major 

remedies: The first is inserting the Gay-Lussac dimensionless 

number definition into the governing equations. This number 

describes the level of density variations caused by the 

temperature field. It may be shown that the Boussinesq 

approximation is retrieved as the Gay-Lussac number goes to 

zero [7]. For this approach, the difference of adopting 

Boussinesq approximation and inserting the Gay-Lussac 

number to the computations for the Boussinesq regime, i.e. the 

threshold of the Rayleigh number that leads to a steady state 

solution, is studied by Szewc et al. [7] for a rectangular cavity 

filled with air with 𝑃𝑟 = 0.71. They reported a 4% discrepancy 

of the average Nusselt number between the two approaches. 

The second remedy is considering density variations in all terms 

and inserting the concept of compressibility and Mach number 

in the computations. This task is performed by Vierendeels et 

al. [8] for numerical simulation of natural convection at low 

Mach number. Finally, the third remedy is considering density 

variations through the advection terms as well as the buoyancy 

term. This approach is proposed by Lopez et al. [9] both for 

inertial and rotating reference frames. They applied their 

formulation for numerical simulation of fluid flow confined 

between two differentially heated and rotating cylinders. 

   In this study, the approach of Lopez et al. [9] is adopted to 

produce a new form of the governing equations and is presented 

based on the idea of considering density variations through the 

advection term as well as the buoyancy term in momentum 

equations for natural convection problems. This formulation is 

implemented into an element-based finite volume method 

solver and its results are investigated for local and average 

Nusselt number in a horizontal concentric annulus cavity up to 
𝑅𝑎 = 105. 

Governing equations 

Under the Boussinesq approximation for buoyancy, density 

differences are neglected except with respect to the gravity 

term. In the present formulation, buoyancy effects are also 

considered with respect to the advection term. The steady-state 

incompressible momentum equation in vector form is 

expressed as 

𝜌(𝒖 ∙ ∇)𝒖 = −∇𝑝 + 𝜇∇2𝒖 + 𝜌𝑔𝒆𝒈. (1) 

Dividing Eq. (1) by reference density, 𝜌0, yields 

𝜌

𝜌0

(𝒖 ∙ ∇)𝒖 = −
1

𝜌0
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𝜌
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(2) 

   Substituting the density state relation 𝜌/𝜌0 = 1 − 𝛽𝜃 and a 

modified pressure 𝑝∗ = 𝑝 − 𝜌0𝜙 into the above equation yields 

(𝒖 ∙ ∇)𝒖 = −
1

𝜌0
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(3) 

   Here 𝜙 is the gravitational potential whose gradient yields the 

gravitational acceleration vector i.e. ∇𝜙 = 𝑔𝒆𝒈. Using the 

dimensionless parameters 

𝑋 =
𝑥

𝐿
, 𝑌 =

𝑦

𝐿
, 𝑟̃ =

𝑟 − 𝑟𝑖

𝑟𝑜 − 𝑟𝑖
, 𝑈 =

𝑢𝐿

𝛼
, 

𝑃 =
𝑝∗𝐿2

𝜌𝛼2 , Θ =
𝜃

∆𝜃
, 

(4) 



one can derive the dimensionless form of the momentum 

equation for natural convection problems, 

(𝑼 ∙ ∇)𝑼 = −∇𝑃 + 𝑃𝑟 ∇2𝑼 − 𝑅𝑎𝑃𝑟Θ𝒆𝒈

+ 𝛽∆𝜃Θ(𝑼 ∙ ∇)𝑼. 
(5) 

   Here, the Prandtl number and Rayleigh number are defined as 

𝑃𝑟 = 𝜈 𝛼⁄  and 𝑅𝑎 = 𝑔𝛽∆𝜃𝐿𝑟𝑒𝑓
3 𝜈𝛼⁄ , respectively. 

Introducing a dimensionless parameter characterising the 

square of the ratio of thermal diffusivity to gravitational effects 

as 𝛾 = 𝛼2/𝑔𝐿3 equation (5) may be rewritten as 

(𝑼 ∙ ∇)𝑼 = −∇𝑃 + 𝑃𝑟 ∇2𝑼

− 𝑅𝑎𝑃𝑟Θ( 𝒆𝒈 − 𝛾(𝑼 ∙ ∇)𝑼). 
(6) 

   As can be seen, equation (6) is consistent with the momentum 

equation under the Boussinesq approximation, except for the 

additional inertial buoyancy term on the right hand side. When 

expressed in this form, it is apparent that the action of this 

additional term is to modify the effective direction (and 

strength) of gravity locally throughout the flow. Indeed, regions 

which are experiencing higher spatial accelerations will 

experience deviations from the Boussinesq buoyancy 

approximation. The strength of these deviations relative to 

gravity is described by the 𝛾 parameter. 

   Once the values of the thermo-fluid parameters in the physical 

domain are obtained, the Nusselt number is determined. The 

local and average Nusselt numbers along the walls of the 

annulus cavity are obtained from 

𝑁𝑢𝑙𝑜𝑐 = −𝜕𝛩/𝜕𝑟̃|𝑤𝑎𝑙𝑙 (7) 

and 

𝑁𝑢𝑎𝑣𝑒 =
1

2𝜋(𝑟𝑖 + 𝑟𝑜)
[ ∫ 𝑁𝑢𝑙𝑜𝑐𝑜

2𝜋𝑟𝑜

0

d𝑠 + ∫ 𝑁𝑢𝑙𝑜𝑐𝑖

2𝜋𝑟𝑖

0

d𝑠]. (8) 

Description of the problem 

In this study the proposed model for the non-Boussinesq 

approximation is applied on the geometry of a concentric 

horizontal annulus cavity as portrayed in Fig. 1. Boundary 

conditions are shown in figure 1. The inner and outer radii of 

the annulus are denoted by ri and ro, respectively, with aspect 

ratio of 𝜂 = 𝑟𝑜 𝑟𝑖 = 2.6⁄ . The gap between the two cylinders is 

filled with a fluid with Pr=7.02 consistent with water. The inner 

and outer cylinders are kept at constant temperatures Th and Tc, 

respectively (Th >Tc). The reference length, Lref, is equal to the 

radial gap between cylinders, i.e. ro-ri. Simulations are carried 

out for different Rayleigh numbers ranging from 101 to 105. A 

mesh dependency test is conducted and it is found that a 

uniform 181×181 computational grid achieves numerical 

convergence to six significant figures. 

   For the numerical solution of the governing equations, an 

element-based finite volume method is developed that uses the 

SIMPLEC algorithm [10] and co-located variables. The 

problem is 2-D and steady. Coupling between pressure and 

velocity fields is established via Rhie and Chow interpolation 

[11]. Accurate performance of the developed solver has already 

been validated in refs. [12-16]. 

 

Figure 1. Schematic view and boundary conditions of 

concentric annulus of two circular cylinders. 

Results and discussion 

In this section, the results of applying the classic Boussinesq 

approximation and the non-Boussinesq approximation are 

presented. Throughout this study, 𝛾 is altered  between zero and 

10-5 (0 ≤ 𝛾 ≤ 10−5). This range is chosen on physical grounds. 

Under practical applications 𝛾 is very small. For instance, 

taking water at sea level, 𝛼=1.43×10-7 m2/s and g=9.81 m/s2. 

Hence, over the laboratory scales ranging from L~O(10-3m) to 

O(1m), the parameter ranges from 𝛾 = 2 × 10−6 down to 𝛾 =
2 × 10−15. Before presenting the results, for a better 

understanding of the flows produced in this system, two 

obtained temperature fields and stream-functions at Ra=105 

with 𝛾 = 0 and 𝛾 = 10−5 are portrayed in figure 2. As can be 

seen, obtained results from the two approaches are not identical, 

especially in the temperature field around 𝛿 = 135𝑜 and the 

thickness of the thermal boundary layer at the inner cylinder, 

and the breadth of the vertical plume. Also for stream-function, 

aside from different obtained patterns, the maximum value of 

this parameter and its location, which are shown by a plus sign 

in two states, are not identical. 

 

(a) 

 

(b) 

Figure 2. A qualitative comparison between temperature 

fields and stream-function at Pr=7.02 and Ra=105 (a) 𝛾 = 0 

(b) 𝛾 = 10−5. 



Local Nusselt number 

The local Nusselt number distribution along the inner and outer 

cylinders are plotted in figure 3. Because of symmetry, only 

half of the local Nusselt number distribution is shown (0𝑜 ≤
𝛿 ≤ 180𝑜). It was found that the local Nusselt number 

distribution along both surface does not change for 𝛾 ≤ 10−8 

across the investigated range of Rayleigh number. Thus, for 

clarity, only the results from 10−8 ≤ 𝛾 ≤ 10−5 are presented. 

For the inner cylinder, the local Nusselt number decreases from 

𝛿 = 0𝑜 to 𝛿 = 180𝑜 (figure 3a). As it can be seen, at Ra=105, 

there is a considerable mismatch between computed local 

Nusselt number at 𝛾 = 10−5 compared to lower values of 𝛾 

throughout the range of angular positions. Specifically, at 

Ra=105 and 𝛾 = 10−5, aside from 80𝑜 ≤ 𝛿 ≤ 130𝑜, the local 

Nusselt number distribution along the inner surface has a larger 

value compared to the lower 𝛾. A visible thinner thermal 

boundary layer along the inner cylinder in Fig. 2b compared to 

Fig. 2a after 𝛿 ≅ 130𝑜 justifies larger value of the local the 

Nusselt number.  

   For the outer cylinder (figure 3b), the local Nusselt number 

increases from 𝛿 = 0𝑜 to 𝛿 = 180𝑜. Over the lower half of the 

cylinder (0 ≤ 𝛿 ≤ 90𝑜) there is little difference between each 

𝛾 value. Beyond 𝛿 ≅ 90𝑜, the 𝛾 = 10−5 case begins to deviate 

from lower- 𝛾 cases. Along this surface, distribution of the local 

Nusselt number has a larger value compared to the lower 𝛾 

value up to 𝛿 ≈ 160𝑜. The more spread plume that is 

accompanied with thinner thermal boundary layer in Fig.3b 

compared to Fig.3a explains the larger value of the local Nusselt 

number along the outer cylinder up to 𝛿 ≈ 160𝑜. Note that for 

both surfaces at Ra=105, the computed local Nusselt number 

distributions having 𝛾 ≤ 10−7 are almost identical. In other 

words, the results of 𝛾 ≤ 10−7 (non-Boussinesq 

approximation) and 𝛾 = 0 (Boussinesq approximation) yield 

the same results at Ra=105. This is also true for lower Rayleigh 

numbers (𝑅𝑎 ≤ 104) and the investigated range of 𝛾 (figure 3c 

& figure 3d). Indeed, for 𝑅𝑎 ≤ 104, the Boussinesq 

approximation (𝛾 = 0) and non-Boussinesq approximation 

(𝛾 ≠ 0) yield almost identical results. Hence, the results of 

Ra=102 are not presented here. 

Average Nusselt number 

The variation in average Nusselt number with Rayleigh number 

(101 ≤ 𝑅𝑎 ≤ 105) for 10−6 ≤ 𝛾 ≤ 10−5 is plotted in figure 4. 

In order to evaluate Eq. (8), Simpson's 1/3rd rule of integration 

is used. As predicted, the average Nusselt number is increased 

by increasing the Rayleigh number. Across the computed range 

of Rayleigh number, obtained results for 𝛾 ≤ 10−8 are 

consistent up to six significant figures. Because of close results 

for 𝛾 ≤ 10−6, the computed average Nusselt numbers are 

plotted only for 10−6 ≤ 𝛾 ≤ 10−5 for clarity purposes. Figure 

4 indicates that, by increasing the Rayleigh number, the results 

of Boussinesq and non Boussinesq approximations start to 

deviate from each other at around Ra = 6×104. An exact 

comparison of the average Nusselt number at Ra = 6.31×104 for 

𝛾 = 10−5 and 𝛾 = 0, shows 2.8% mismatch between two 

approaches. Also, a comparison of the average Nusselt number 

for the toughest case at Ra = 105 for the non-Boussinesq  with 

𝛾 = 10−5 and the Boussinesq case (𝛾 = 0), yields a 7.38% 

difference between the two approaches. The corresponding 

difference in average Nusselt numbers for 𝑅𝑎 ≤ 104 is 

negligible (i.e. <0.13%).  The slight increase in average Nusselt 

number at the highest Rayleigh number and 𝛾 values may be 

attributed to the tendency of the non-Boussinesq effect to 

produce thinner boundary layers on the inner cylinder. 

 

(a) Ra=105, inner cylinder 

 

(b) Ra=105, outer cylinder 

 

(c) Ra=104 

 

(d) Ra=103 

Figure 3. Local Nusselt number distribution along the 

cylinders with different 𝛾 values at different Rayleigh 

number. 

 



 

Figure 4. Average Nusselt number versus Rayleigh number 

for different 𝛾 values. 

 

Conclusions 

In this study, a non-Boussinesq approximation formulation is 

proposed for natural convention problems. A dimensionless 

parameter, the square of the ratio of thermal diffusivity to 

gravitational effects,𝛾 = 𝛼2/𝑔𝐿3, is introduced characterising 

deviation from the classic Boussinesq approximation at 𝛾 = 0. 

The proposed formulation is applied to the natural convection 

in a concentric horizontal annulus cavity with aspect ratio of 2.6 

(𝑟𝑜 𝑟𝑖 = 2.6⁄ ) and results are compared in terms of the local and 

average Nusselt numbers. Results show that the Boussinesq 

approximation works accurately up to Ra=104 but at Ra=105, 

distribution of the local Nusselt number is different at larger 

values of 𝛾. At Ra=105, a 7.38% difference is observed for 

average Nusselt number, between the classic Boussinesq 

approximation (𝛾 = 0) and the presented non-Boussinesq 

approximation (𝛾 = 10−5). It would therefore be expected that 

non-Boussinesq effects would be likely to be significant at 

higher Rayleigh numbers, small-scales systems, or for fluids 

having large thermal expansion coefficients. For example, 

ammonia and R-12 refrigerant dichlorodifluoromethane have 

𝛼 ≈ 2.5 × 10−3 𝐾−1compared to water (2.14 × 10−4 𝐾−1), 

yielding 𝛾 more than two orders of magnitude greater at the 

same scale. 
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