18th Australasian Fluid Mechanics Conference
Launceston, Australia
3-7 December 2012

Nusselt-number scaling and azimuthal velocity profiles in a
radial horizontal convection imposed to model atmospheric

rotating cylindrical tank with a
polar vortices

Wisam K. Hussam 12, Martin P. King, 2 Luca Montabone # and Gregory J. Sheard 1

IDepartment of Mechanical and Aerospace Engineering, Monash University, Adelaide, VIC 3800, Australia

2Electromechanical Department, University of Technology, Baghdad, Iraq

3Bjerknes Centre for Climate Research, Uni Research, NO 5007, Bergen, Norway

4Atmospheric, Oceanic and Planetary Physics, University of Oxford, Parks Road, Oxford OX13PU, United Kingdom

Abstract

A system idealizing the polar atmosphere is constructetifea

ing a rotating cylindrical container with radial fluid fluxiden

by a linear radial temperature profile along the base. This sy
tem is investigated numerically using a spectral-elemelves
employing a Boussinesq approximation to model buoyancy.
The study focuses on the scaling of mean Nusselt number with
Rayleigh number over a range of Reynolds numbers character-
izing the tank rotation rate.

Itis found that forRa < 104, Nusselt number is independent of
Reynolds number and the flow is dominated by diffusion. At
intermediate Rayleigh numbers, mixed convection is oleskrv
with Nusselt number decreasing with increasing Reynolas-nu
ber. BeyondRa ~ 10° convective flow begins to dominate, first
at low Reynolds numbers, with higher Reynolds number data
progressively collapsing onto a universal power-law trérat

is independent of Reynolds number. This trend is found to fol
low theoretical and observed scalings for horizontal cotiva

in rectangular enclosures, ilu O Ral/5.

Introduction

The convection of a fluid contained between two parallelggat
and heated from below (Rayleigh-Bénard convection, RBC)
has received much attention over the years because of itsimp
tance in understanding the flow dynamics and thermally drive
turbulence [14, 13, 8]. The key parameter characterizin@ RB
is Rayleigh number, which quantifies the strength of thermal
forcing on the flow.

Horizontal convection defines flows that are driven by termper
ture differentials imposed along a horizontal boundary Tolis

is in contrast to RBC in which the temperature differentgal i
in the vertical direction. The effect of rotation on convent
flows is important in many industrial applications as weliras
astrophysical and geophysical flows, including meridiavair-
turning circulation in the ocean [9], Earth’s core [4], arulas
and mantle convections [5, 10]. The motivation for the pnése
paper is the stability of atmospheric polar vortices; gattrly
towards understanding the striking geometric patternptado
by polar vortices across various planets [3], and to better u
derstand the sudden configuration changes that on Eartt affe
weather at latitudes impacting on Australia.

Laboratory fluid models have proved useful for the study of po
lar vortex instability (e.g. [1]), though these models haye-
ically featured mechanical forcing mechanisms dissimitar
atmospheric mechanisms. In the present paper, cylindar rot
tion mimics Earth’s rotation, and radial horizontal cortac
drives an annular radial flux circulating outward near theeba
and returning poleward at the top surface. Conservatiomof a
gular momentum accelerates the angular velocity of poléwar

moving fluid, spinning it into a vortex in an analogous manner
to the generation of atmospheric polar vortices in the pabar
vection cell.

As a first approximation of the atmospheric system, this rhode
disregards gamma-plane effects associated with the chiange
the Coriolis effect with latitude in the vicinity of the po[&].
Moreover, while the controlling parameters for this systa
Reynolds and Rayleigh number, the parameters of interesst wh
considering swirling atmospheric flows are typically thesBlmy
number (relating inertial to Coriolis forces) and the Ekman
number (relating viscous to Coriolis forces). The Ekman sum
ber is related to the reciprocal of the Reynolds number, Hmit t
Rossby number, which relates the angular velocity of theehod
polar vortex to the background rotation, is flow-dependét.
goal of the present study is to understand the effects of ®dgn
number and Rayleigh number on this flow, and how the Rossby
number varies with these parameters.

To consider the suitability of this model for implementatio

a laboratory setting, a wide range of Rayleigh numbe2 3

Ra < 1019 and Reynolds number 8< Re < 10°) are consid-
ered in this study.

Numerical model and methodology

The system comprises an open rotating cylindrical tanledill
with fluid, and with a radial temperature distribution apgliat
the base. The tank raditsand heightH combine to define an
aspect rati®rR = H /R, which in this study is fixed atrR = 0.4.
The system is depicted in figure 1.

Given an angular velocity of the cylindef), the azimuthal
velocity imposed on the impermeable base and side wall is
ug = rQ, wherer is the radial coordinate. To model a free
surface, a stress-free condition is imposed on the top @ynd
(uz =0,0ur /0z= 0ug/0z = 0). The side wall is thermally insu-
lated by imposition of a zero normal temperature gradiemd, a
to simplify the computational model, no heat loss is peritt
through the stress-free top surface, which is also apprabech
as being thermally insulated. A linear temperature profile i
creasing byT fromr = 0 tor = Ris imposed along the base
to drive the horizontal convection in tizer plane

A Boussinesq approximation for fluid buoyancy is employed,
in which density differences in the fluid are neglected ekcep
through the gravity term in the momentum equation. Un-
der this approximation the energy equation reduces to arscal
advection-diffusion equation for temperature which isleed

in conjunction with the velocity field. The fluid temperatuse
related linearly to the density via a thermal expansion feoef
cienta.

The dimensionless Navier—Stokes equations governing a



—
Q ____-_/
H
| R
| -
/ I+er
T
(b)
@i Top surface
g
e . =
E ! 19 g
%) V4 %
G I )
2 r
x -

i Rotating base

Figure 1: (a) A schematic diagram of the system under inves-
tigation, with temperature differen@ varying radially along

the base, and (b) the meridional semi-plane of the cyliadiric
tank on which computations are performed.

Boussinesq fluid may be written as
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whereu, p,t, Re, Ra, Pr, g andT are the velocity vector, kine-
matic static pressure, time, Reynolds number, Rayleigh-num
ber, Prandtl number, a unit vector in the direction of grgvit
and temperature, respectively. Here lengths, velocitiess

and temperature are scaled By Rw, w1, 3T, respectively.
The Reynolds number, Rayleigh number, Prandtl number and
Nusselt number are respectively defined as

= @ (4)
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whereg is the gravitational acceleration|s the kinematic vis-
cosity andkr is the thermal diffusivity of the fluid. The mean
Nusselt number is calculated in the present configuration by
computing the average temperature gradient normal to the bo
tom wall. Throughout this studyr = 6.14, which approximates
water at laboratory conditions.

The governing flow equations (1)-(3) are computed on a two—
dimensional axisymmetric domain using a high-order ing®ou

solver, which employs a spectral element method for spdisal
cretzation and a third-order time integration scheme based
backwards-differencing. The solver has been validateceamd
ployed widely (e.g. Refs. [12, 13, 7]).

A rectangular mesh comprising 1560 was constructed to dis-
cretize the meridionalr{z) semi-plane. Care was taken to en-
sure that the flow was resolved in the vicinity of the wallsg an
particularly the heated boundary, with coarser mesh spganin
the interior. A grid independence study determined tha-int
grated Nusselt numbers were independent of resolutiontto be
ter than 01% with an element polynomial degree of 5, which is
used hereafter.

Results and discussion

Nusselt number variation with Rayleigh number for differen
Reynolds numbers is plotted on a log-log plot in Fig. 2(a)e Th
plot shows that aRa < 10%, the Nusselt number is independent
of Reynolds number (the diffusion dominated regime). Res
is increased, the Nusselt-number curves converge ontgkesin
trend, which is nearly linear on the log-log plot, demortitiga

a power-law dependence betwedn andRa. The gradient is
very close to 15, which is in agreement with theory and ob-
servation for horizontal convection in a rectangular esete
[11, 6, 13]. The scaling in the convection-dominated regisne
further illustrated by the plot of the gradients of the trerial
Fig. 2(b).

Figs. 3 and 4 plot the temperature and relative azimuthal ve-
locity for Re= 10 and 1000, respectively, at different Rayleigh
numbers. It can be noted that for smiad, the flow passes from

a diffusion-dominated regime to a convection dominatedhmeg
prior to Ra ~ 10°. On the other hand, fdRe = 1000, the flow
remains in the diffusion-dominated regime umiRd ~ 10°, and
approaches the convection-dominated regime befRand 10°.

It can be noted from Fig. 2 that at intermediate Rayleigh
numbers (between the diffusion- and convection-dominated
regimes, Nussult number decreases with increasing Reynold
number, which is consistent with the numerical finding of][14
To further investigate th&lu — Re relationship, the effect of
Reynolds number on Nusselt number at different Rayleigh-num
ber is presented in Fig. 5. The figure demonstrates that Musse
number is independent of Reynolds numberRar< 10%, and

at higher Rayleigh numbers, the Nusselt numbers are Regmold
number independent until progressively higher Reynolda-nu
bers.

A Rossby number may be defined as the ratio of the relative
angular velocity of the polar vortexdj to the background ro-
tation Q). An approximation based on the peak relative az-
imuthal velocity (Jgpeak) and its radial locationrgeay is w =

Ug peak/Tpeake This yields a Rossby number definition

Ro— W ué,peal/rpeak
Q Q '

®)
Relative azimuthal velocity profiles are plotted in Fig. 6r f
various Rayleigh numbers ariRe = 10 and 1000. The gen-
eral trend is for the relative velocity to remain unaffected

til Rayleigh numbers beyond the diffusion-dominated regim
whereby further Rayleigh number increases lead to an inerea
in peak relative azimuthal velocity. Coupled with this ishéfts

in the radial location of the peak from= R/2 to slightly lower
radial distances. ARe = 1000, the peak relative azimuthal ve-
locity increases to a lesser extent tharRat= 10, by almost
a factor of 2. Using the definition outlined here, R¢ = 10
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Figure 3: Contour plots of temperature (left) and azimutieal
locity relative to the tank rotatioru§ — rQ, right) atRe= 10 and
Rayleigh nhumbers as indicated, plotted on a meridionalseros
section through the centre of the tank (so that the frames mee
at the symmetry axis). Thermal forcing is imposed along the
bottom of each of these frames. Cold to hot temperatures are
denoted by contours ranging from blue through black through
red to yellow. Low to high relative velocities are denoted by
contours ranging from blue through to red.

d(log,, Nu)/(log,, Ra)

Figure 2: (a) A plot of loggNu against loggRa for different
Reynolds number as indicated. Akima splines are fitted to the
data for guidance. A dotted line shows the asymptotigdod.

(b) A plot of gradient of the curves in (a), calculated usimité
difference. A dotted line illustrates the theoretical gead of
1/5.

the Rossby number increases frém= 0 to 21 for Ra= 103

to 1P, while atRe = 1000 the Rossby number increases from
Ro=0to 10 forRa= 1P to 1(P. These results suggest that this ~ Ra= 10
system may be useful for the study of polar vortex instahitis
polar vortices manifest at Rossby numbRos< 1 [1].

Conclusions

Numerical simulations have considered the axisymmetrie flo o _ 19
in an open cylindrical tank under constant rotation, and sub
jected to a thermal horizontal convection forcing invokana-

dial poleward flux near the free surface. The results demon-
strate at low Rayleigh numberg4 < 10%), the flow is diffusion-
dominated with Nusselt number independent of Reynolds hum-
ber and producing a zero Rossby number. At higher Rayleigh
numbers (upwards d#a~ 10°) a convection-dominated regime Figure 4: Contour plots of temperature (left) and azimutieal

is reached, wherebjNu ~ Ral/5. Beyond the diffusion- locity relative to the tank rotatiorug — rQ, right) atRe = 1000
dominated regime, higher Rayleigh numbers produce pregres ~and Rayleigh numbers as indicated. Orientation and shauléng
sively higher Rossby numbers. Ra=10°, Ro=2.1 and 10 at as per Fig. 3.

Re =10 and 1000, respectively, which encompasses the Rosshy
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Figure 5: A plot of loggNu against loggRe for different
Rayleigh numbers as indicated.
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Figure 6: The relative azimuthal velocity along the free-sur
face for different Rayleigh numbers at (Be = 10 and (b)
Re = 1000.

number range relevant for polar vortex flows.
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